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1. INTRODUCTION 
The classical theorem of Veblen and Young [14] characterizes the 
Desarguesian projective spaces of dimension at least three as those connec- 
ted partial linear spaces in which each pair of intersecting lines lies in a 
proper subspace which is a projective plane. In this article we present a 
similar result. 
THEOREM. Let (9, 9) be a finite, connected partial linear space in which 
each pair of intersecting lines lies in a subspace which is a projective plane 
minus a point and all lines through it. Assume that (9, 9’) contains a least 
two such planes. Then either 
(1) for some prime power q and some integer d at least 3, (9, 2) is 
isomorphic to the partial linear space of hyperbolic lines of a sympfectic 
geometry of the Desarguesian projective space PG(d, q); or 
(2) all lines of 9 contain exactly three points (and so (9, 3) is deter- 
mined up to isomorphism as one of the spaces of [8, Theorem 11.) 
This problem was first suggested and discussed by Hale [6] and various 
special cases have been handled [ 5, 8, 121. 
As Hale observed, a partial linear space which is a projective plane with 
a point and all lines through it removed is merely the dual of an affine 
plane. In particular, the original projective plane can by synthetically 
reconstructed from the dual affine plane by the addition of a “point at 
infinity.” As the statement of the theorem suggests, such a partial linear 
space may also be thought of as the space of hyperbolic lines for a 
284 
0097-3165/88 $3.00 
Copyright 0 1988 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
HYPERBOLIC LINES 285 
nontrivial symplectic geometry defined on the original projective plane 
(see Section 2). We therefore prefer the name “symplectic plane” to “dual 
afhne plane.” The theorem then says that with known exceptions a finite, 
connected, partial linear space all of whose planes are symplectic must be 
symplectic itself. 
All lines of Y in the theorem must in fact have q + 1 points for some 
prime power q. The distinction between the cases q = 2 and q > 2 is made 
mainly for convenience. The case q = 2 was handled completely in [S] 
without the assumption of finiteness. Symplectic spaces are not the only 
solutions with q = 2, but all the spaces which occur in (2) can be embedded 
in symplectic spaces over [F,. 
The proof given here for the case q > 2 is similar in spirit to that of [S] 
for the case q = 2 and to the original proof of the Veblen-Young theorem 
[14]. The initial combinatorial assumptions allow the construction of a 
“collineation group” generated by “elations.” The geometry then emerges 
from the group. As such the proof falls naturally into two parts-one 
highly geometric and combinatorial and the other largely group theoretic. 
For the case q = 2 the first part is nearly trivial while the second part is 
quite difficult. For q > 2 this situation is somewhat reversed. The first part 
is rather difficult while the second part becomes easier. Here we shall 
assume that q > 2 and concentrate on the geometric and combinatorial 
arguments of the first part of the proof. In these we construct the elation 
groups of automorphisms and derive the elation properties which code 
those of the geometry. The abstract identification of the groups generated 
by elations is then given in (5.5) which is for q > 2 a slightly stronger 
version of Theorems 2 and 3 of [9]. (The proof of (5.5) is similar to that of 
[lo] for q = 2, but we only sketch it here. Complete details of its proof are 
postponed to [ll].) Uniqueness of these groups then leads to uniqueness 
of the geometries, completing the proof of the theorem. 
We believe that the theorem is true without the requirement that the 
space be finite, that is, that a connected partial linear space with at least 
four points per line and all planes symplectic must be the hyperbolic line 
space of some symplectic geometry. Unfortunately finiteness assumptions 
enter into the present proof at several stages. In particular, the results from 
[7, 11, 131 which we use here all require that the system concerned be 
finite. 
For details concerning projective spaces and symplectic geometries and 
their elations, see [ 141. (Nonidentity elations are transvections viewed 
projectively.) Most of the group theory used here is discussed in the early 
sections of [ 11. 
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2. SYMPLECTIC GEOMETRIES AND THEIR ELATIONS 
A partial linear space C= (9(C), g(C)) is a set of points C?(C) and a 
collection L&(Z) of subsets of g(Z) called lines, each line containing at 
least three points and no two lines intersecting in as many as two points. C 
is a linear space if every pair of points lies within a line. A subspace 
A = (B(A), Y(A)) of Z is a partial linear space with Y(A) c .5?(Z) and 
Y(A) E y(L) and such that whenever a line I of 3(Z) meets P(A) in two 
or more points, then indeed 1 E 9(A) and 1 E Y(A). The subspace generated 
by the subset C@ of S(L’)u L!‘(C) is the smallest subspace A of C with 
L3 s P(A) u Y(A) and is denoted (9). A plane is a subspace generated by 
two intersecting lines. The subspace A has dimension d if it can be generated 
by d+ 1 points but not by d (so the empty subspace has dimension - 1). A 
has codimension d in L if Z can be generated by A and d points but not 
d- 1. 
The partial linear space Z is finite if .9’(Z) is. Z is connected if it can not 
be expressed as the disjoint union (pi u .c?~:, L$ u 6/;) of two nonempty sub- 
spaces (e, g). In this paper we shall be concerned almost exclusively with 
finite, connected partial linear spaces. 
For our purposes, a projective space C = (.c?,LZ) is a linear space which 
satisfies the Veblen-Young axiom: 
If distinct I,, 12, m,, m, E L? with 1, n 1, # a, li n mj # a, but 
1, n l2 n mj = Qr (for all i, j), then m, n m, # 0. 
This axiom is also often called Pasch’s axiom. 
A projectioe plane is a projective space of dimension 2. Once the 
definition of a\ projective plane has been made, we may give a definition 
(equivalent to that in the previous paragraph) of a projective space as a 
connected partial linear space in which each pair of intersecting lines 
generates a subspace which is a projective plane. The theorem of Veblen 
and Young [ 14; in particular, Sections 8, 10, 16, 48, 49, 703 states that a 
projective space of dimension d at least three must be isomorphic to a 
Desarguesian projective space PG(d, IC) over a division ring rc. (See also 
[4, 1.43 for a discussion of projective spaces in essentially these terms.) 
On a projective space C a symplectic polarity I is a map which 
associates to each point cx of Z a subspace uL of Z which is either all of C 
or a hyperplane of Z (i.e., a subspace of codimension 1 in L’). The map I 
additionally must satisfy, for all points a and fl of L’, 
(1) UEUL 
(2) ME/?’ iff pGa’. 
We call the pair (Z, I) a symplectic geometry. Those a with a’ = Z form a 
subspace of C called the radical of (Z, I), written Rad(E, I). (C, I) is 
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nondegenerate if its radical is empty. (Note that this definition of a sym- 
plectic polarity somewhat extends the usual definition in order to include 
symplectic geometries which are degenerate.) A projective line 1 of z is 
hyperbolic if a’ n I equals CI, for each a E 1. 
An automorphism g of the partial linear space C = (~Y’,L?) is a per- 
mutation of 9 such that g(Z) E 9 for each 1~ L?. The collection of all 
automorphisms of 2 is the group Aut(C). If 2 is a projective space, then an 
automorphism of C is also called a collineation of C and Aut(C) is also 
written Coll(L?). An element g of Coll(.Y) which commutes with the sym- 
plectic polarity I in the sense that 
(a’)g= (CcgF for all cc E 9, 
is a collineation of the symplectic geometry (C, I). The full collineation 
group of (LY:, I) is denoted Coll(C, I). 
The projective point ct has only the trivial symplectic polarity CL = a’ 
(and this gives a only a degenerate symplectic geometry). Each projective 
line Z has exactly two symplectic polarities; either I= a’, for all a, and 
Z = Rad(Z, I ) or a = a’-, for all LX, and 1 is hyperbolic. 
Consider now the projective plane Z7 and a symplectic polarity I of 17 in 
which not all points are radical. By the preceding paragraph, we may 
choose points a and /I such that the line (a, /?) is hyperbolic. The lines a’ 
and /?’ must intersect in a point p not on the hyperbolic line (a, /I). pi 
then must contain (a, /?) as well as p itself; and so pL = Z7, that is, p must 
be in the radical of (Z7,i). Indeed as the hyperbolic line (a, i-J) can only 
meet Rad(Z7, I) trivially, the radical must equal p. We conclude that the 
polarity I must have as radical the single point p and that, for each point 
y #p of Z7, y’ must be the line through y and p. In particular, the partial 
linear space of hyperbolic lines of a symplectic geometry (L’, I) has the 
property of our theorem: each pair of intersecting lines generates a sub- 
space which is a projective plane minus a point and all lines through it. We 
sometimes call a partial linear space which is a projective plane minus a 
point and all lines through it a symplectic plane for this reason. 
A consequence of the previous two paragraphs is that, for finite projec- 
tive spaces z of dimension at most 2, the codimension of the radical of a 
symplectic geometry (C, I) in z must be even, and furthermore the sym- 
plectic geometry (C, I) is uniquely determined (up to a collineation of C) 
by the dimension of C and the codimension of Rad(L, I) in z. All this 
remains true without restriction on the dimension of z. This is because 
when z has dimension at least 3 it must be Desarguesian, and so the usual 
results 
may be applied. See [2, Proposition IV.1 and Theorem IV.21 and also 
[ 1, (19.16)]. (Note that I induces a nondegenerate symplectic geometry 
on the factor space C/Rad(& I).) 
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Let n be a projective plane, tl a point of l7, and I a line of I7 containing 
CC An elation of n with center u and axis 1, agl, is a collineation of ff 
which fixes I pointwise and fixes each line through 1 globally. It is well 
known and elementary (see [4, 3.1.151) that for any pair of points (a, y} 
on a line with c1 but not on 1 there is at most one elation of n with center a 
and axis I which moves /I to y. If n is a Desarguesian plane PG(2, K), then 
such elations always exist; so the elation subgroup of Coil(n) with center a 
and axis I is isomorphic to the additive group (rc, + ) of K and is regular on 
each of the lines of Z7 through a except 1. 
Suppose the projective plane I7 to be endowed with a symplectic polarity 
I and that the point c1 of if is not the unique radical point p. For each 
/I # p, b’ is the line on p and p. Thus for any a # p, any elation with center 
a and axis cl’ is in fact a collineation of (n, I). Such elations are called 
symplectic elations, and these are the only elations of I7 with center a which 
preserve I because the fixed point p must be in the axis of such an elation. 
Note however that all elations with center p are in Coll(Z7, I) and form a 
normal abelian subgroup. These elations we do not call symplectic elations. 
An elation of Coll(J7, I) is called symplectic precisely when its center is 
not radical. 
Next let C be a Desarguesian projective space over K. An elation g with 
center the point a and axis the hyperplane d, c1 Ed, is a collineation of Z 
which fixes A pointwise and fixes globally all lines through a. Thus each 
plane ZY7 of C on a has induced on it by g an elation (possibly trivial) with 
center a and axis n n A. Now let (C, I ) be a symplectic geometry contain- 
ing the nonradical point a. The nonidentity elations of C with center a 
which belong to Coll(C, I) are precisely those with axis al and form the 
nonidentity elements of an elation subgroup E(a) of Coll(Z, I) again 
isomorphic to (k, + ). The members of E(a), for any nonradical a, are the 
symplectic elations of (Z, I). It is elementary but for us important to note 
that a symplectic elation with center a of a symplectic plane of (C, I) con- 
taining CI has a unique extension to a symplectic elation of Coll(Z, I) with 
center a. Conversely, a symplectic elation of (2, I) with center a induces 
on each symplectic plane of (Z, I) containing a a symplectic elation of that 
plane. 
The geometry of (C, I) can be recovered from the subgroup of 
Coll(Z, I) generated by the conjugacy class (E(a)[a~Z-Rad(.J5’, I)}. If 
a and /l are distinct nonradical points, then E(a) and E(P) are subgroups of 
Coll(,E, I) each isomorphic to (K, + ) and intersecting trivially. If a E /I’, 
then E(a) and E(/?) commute. If a$ fi’, then the subgroup 
H = (E(M), E(b)) acts naturally on the hyperbolic line (a, /?) generated 
by u and /I as the projective group PSL(5 K). (See Section 4 below.) In 
particular E(a) and E(b) are conjugate in H, and the (K) + 1 conjugates of 
E(a) and E(/?) within H are precisely the members of {E(y)1 ye (a, /I)}. 
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3. Two SPECIAL CASES 
In this section we discuss two special cases of the theorem which already 
exist in the literature. In some sense these represent the two extremes of the 
problem, and the general case will result from combining them. 
The partial linear space is copolur (see [7]) if it satisfies: 
For every line 1 of 9 and every point a of B not on Z, a is 
collinear either with no point of I or with all but one of the 
points of 1. 
Let (9, 2) be a partial linear space as in the theorem. If the point a is 
collinear with the point B of the line 1, then the lines (a, fi) and 1 intersect 
and so generate a symplectic plane of (9, 2). In particular, o! is collinear 
with all but one of the points of 1. (9, Y) is thus copolar space, and the 
results of [7] can be applied. 
We introduce some notation from [7]. For the copolar partial linear 
space C = (P,6p) and the pont a E B we write a’ for the set composed of a 
together with those points of B not collinear with tl in 2;. Notice that as C 
is copolar, aI carries a subspace of Z which (abusing terminology) we also 
call tx’. If, for a, /?E Z; we have a’ = fl’ then we write a z& so z is an 
equivalence relation on 9. For each tl of 9 let c1* be the z-class contain- 
ing CI, and let 9* = {CX* 1 CI E 9). Furthermore, for each ZE 9, let 
and 
z*= {a*laEz), P(Z)= {aEP(a*EI*}, 
Before proceeding, it may be helpful to discuss this notation in the 
special case that 2: = (9, JZ) is the hyperbolic line space of a symplectic 
geometry (A, I) - 9 being the points of A not in the radical of (A, I), 
Rad(d, I), and 5’ the hyperbolic lines of (A, I). The two different usages 
of the “perp” notation I do not conflict. The subspace a1 of the copolar 
space Z has as its point set precisely those points of the subspace a’ of the 
symplectic geometry (A, I) which are in 9. Thus two points a, /I of Z are 
equivalent under z precisely when a’ = j?’ as subspaces of the symplectic 
space (A, I). This happens if and only if a and p differ by a member of the 
radical of (A, l), that is, if and only if the line through a and p contains a 
point of Rad(d, I). Therefore the x-equivalence class a* of a in Z is 
exactly the set of points not in the hyperplane Rad(d, I) of the subspace of 
(A, I) generated by Rad(d, I) and a. (A, I) will be nondegenerate exactly 
when all the x-classes a* of .Z have cardinality one. 
In our symplectic example the pair (8(j), Y(I)) is a subspace Z(I) of the 
290 J. I. HALL 
space C, p(1) being composed of those points of A which are in the sub- 
space generated by I and Rad(A, I) but not in its subspace Rad(A, I) of 
codimension 2. In the case of a symplectic geometry whose radical has 
codimension 2 the hyperbolic lines are precisely those lines of the underly- 
ing projective space which do not contain a point of the radical. This 
special example of a copolar space merits a name of its own. H(n, q) is the 
partial linear space of all lines of PG(n, q) which are disjoint from a fixed 
subspace PG(n - 2, q), n > 1. Equivalently H(n, q) is the hyperbolic line 
space for a symplectic geometry defined on PG(n, q) and having as radical 
the chosen subspace PG(n - 2, q). In our copolar example Z of symplectic 
type each subspace Z(I) is isomorphic to H(n, q), where n - 2 is the dimen- 
sion of Rad(A, I). If C = H(n, q), then Z = Z(I) for every line I of C. Of 
particular note here is the case n = 2. H(2, q) is the symplectic plane which 
arises from a nontrivial symplectic geometry defined on the Desarguesian 
projective plane PG(2, q). If C = H(2, q), then C = Z(1) for every line I of 
C; and each z-class of Z is a set of 4 points belonging to a line of PG(2, q) 
containing its radical point. 
In our proof of the theorem of Section 1 we wish first to show that a 
space, as in the theorem, has many of the properties of the symplectic 
example just discussed. The following result is essentially Theorem 1 of [7]. 
(3.1) Let C= (9, 9) be a connected, copolar partial linear space 
containing at least one line of three of more points. Then: 
(1) All lines of C have a fixed cardinality, and all % -classes have a 
fixed cardinality. 
(2) C* = (9*, 9*) is a connected, copolar partial linear space in 
which all c-classes have cardinality one. 
(3) For each 1~ 9, Z(1)= (p(1), 9(Z)) is a subspace of C; and 
C(I) E C(A) for Z, A E 9 if and only if C(I) = Z(R) and 1* = A*. 
Of course, not every partial linear space (9, 9) which is copolar satisfies 
the planar generation hypothesis of the theorem. Such a (9,.9) must 
additionally satisfy the Veblen-Young axiom of the Introduction. Indeed it 
is easy to see that the copolar partial linear spaces which satisfy the 
Veblen-Young axiom are exactly those partial linear spaces in which each 
plane is a symplectic plane. 
From now on we shall be concerned in this paper with the following 
HYPOTHESIS (* ). C = (9, 9) is a finite, connected partial linear space 
of dimension at least three in which each pair of intersecting lines generates 
a subspace which is a projective plane minus a point and all lines through 
it and each line contains at least four points. 
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The remainder of this section is essentially devoted to the proof of our 
theorem in two special cases. (3.2) deals with the “nondegenerate” case 
where all x-classes have cardinality one. (3.3) deals with the “radical of 
codimension 2” case where the space Z equals C(1) for each of its lines 1. 
The general case of the theorem results in Section 5 from careful combining 
of these two special cases. 
(3.2) Let C= (9, 9) satisfy hypothesis (*). Then either 
(1) (.??*, ZZ*) is a single line or 
(2) (.!?*, 5&‘*) is isomorphic to the partial linear space of hyperbolic 
lines of a nondegenerate symplectic geometry on the Desarguesian projec- 
tive space PG(m, q) for some odd m 2 3 and prime power q 2 3. 
Proof This is a consequence of [7, Theorem 2 and (3.6)]. See also 
remark (8.3) of that paper. 
Consider the subspace Z(I) of any Z as in hypothesis (* ). For every 
point CI of q(Z) and line A of y(f), cc is collinear with all but one of the 
points of A. C(I) is therefore a “partial geometry” in the sense of Thas and 
DeClerck [13]. C(1) satisfies the Veblen-Young axiom as Z does. 
Therefore as an immediate consequence of the Main Theorem of [13] and 
its corollary, we have: 
(3.3) Let .E = (9, JZ’) satisfy Hypothesis (*). Then, for each ZE 2, 
Z(I) is isomorphic to one of: 
(1) a single line; 
(2) a projective plane with a point and all lines through it removed; 
(3) H(n, q), the partial linear space of all lines of PG(n, q) which are 
disjoint from a fixed subspace PG(n - 2, q), for some n > 3 and q 2 3. 
4. ELATIONS OF H(2, q) AND H(3, q) 
We mentioned before that PG(2, q) can be reconstructed from the dual 
afline plane H(2, q). Similarly PG(n, q) can be reconstructed from the dual 
net H(n, q). In this section we discuss this process for H(3, q) in order to 
give a synthetic description of the symplectic elations of H(3, q). We begin 
with a discussion of the elations of H(2, q). 
Consider the symplectic plane H(2, q) embedded as the hyperbolic line 
space of the symplectic geometry (PG(2, q), I). The subgroup of 
Coll(PG(2, q)) generated by all elations is denoted PSL(3, q). Here the 3 
arises as this group is also the projective group induced on PG(2, q) by the 
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group SL(3, q) of 3 by 3 matrices with entries from IF, of determinant 1. 
PSL(3, q) is SL(3, q) factored by the kernel of this action which is the 
group of scalar matrices of determinant 1. The subgroup of the symplectic 
collineation group Coll(PG(2, q), I) that is generated by the symplectic 
elations is smaller than PSL(3, q), and we shall denote it PSp(3, q). (This is 
not standard notation. This same group was called Sp,(q) in [9].) 
PSp(3, q) is isomorphic to the semidirect product of a 2-dimensional 
F,-vector space W by SL(2, q), the 2 by 2 matrices of determinant 1. The 
subspace W is the subgroup of all elations of PG(2, q) with radical center 
(i.e., the elations of Coll(PG(2, q), I) which are not symplectic). As 
complement to W in PSp(3, q) we may choose H= (E(a), E(/?)) for 
(a, p) any hyperbolic line of H(3, q). H acts on (a, p) as the projective 
group PSL(2, q) acting naturally on the projective line PG(1, q). 
(PSL(2, q) is SL(2, q) factored by the scalar matrices.) In particular, H is 
transitive on the points of (a, /I), and the H-conjugacy class of E(B) and 
W) is {E(Y)IY E <a, a>>. 
Next let .Z = (g,T) be isomorphic to H(3, q). Consider Z as embedded 
in the projective 3-space A with .Y the set of lines of A which do not meet 
the radical line I, of the symplectic geometry (A, I). The symplectic planes 
of .Z are those planes of A which meet I, in a unique point. A plane of A 
which contains all of I, is the disjoint union of I, and a*, some z-class of 
2. If the symplectic plane 17 of Z has as its points those of the projective 
plane II’ minus the intersection p of il’ with I,, then the w-classes of n 
are those sets of q points of I7 which together with p form a line of A. We 
call such a z-class of size q in a symplectic plane of Z an affine line of C. 
As each point p of I, is on q* + q + 1 lines of A, one of which is I,, the 
deletion of p gives rise to q2 + q afline lines of Z. Note that the intersection 
of a z-class a* of size q2 with a symplectic plane IYI of Z is an affine line 
and that a* together with the affine lines it contains has the natural 
structure of an affine plane of order q (with line at infinity 1,). 
We may now reconstruct A (indeed (A, I)) from Z. Two afline lines of Z 
are called parallel if either 
(i) they are coplanar in C or 
(ii) there is a third afhne line of C coplanar in E with each of the first 
two (this extends (i) transitively). 
Z then has q + 1 parallel classes of afine lines, each containing q2 + q affine 
lines. To each alline line of the ith parallel class attach a new point 00~ “at 
infinity” and further define a new line at intinity 1” = { coi 11~ i < q + 1 }. 
The resulting partial linear space of old points and points at infinity is then 
naturally isomorphic to A = PG(3, q). This is the only way in which 
H(3, q) can be extended to PG(3, q). 
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(4.1) Let Z= (9,dp) be isomorphic to H(3, q), and let I7 be a 
plane of C. Let { li 1 1 < i < q2 + q} be a parallel class of afhne lines of C 
containing none of the affrne lines of ZZ. Let x be a symplectic elation of 17 
with center a. Consider permutations 2 of 9 satisfying all of: 
(i) 2 induces x on 17; 
(ii) 1 preserves the parallel class (Ii 1 1 < i < q2 + q}; 
(iii) i? preserves each line containing LX and fixes each point not 
collinear with CI. 
Then there is a unique such permutation f, and it induces an 
automorphism of .Z. 
Proojl Each line li meets I7 in a single point, and every point of I7 is 
I7 n Zi for some i. The unique permutation i of 9 which satisfies (ik(iii) is 
then given by: 
a(b) = /I if c1 and /? are not collinear; 
a(/?)= (x,/?)nl,, wherepEliandx(lin17)=ljnZ7. 
To see that this i is additionally an automorphism of Z, consider H(3, q) 
embedded in PG(3, q) as above. The elation of PG(3, q) with center a and 
axis the plane of PG(3, q) spanned by c1 and the radical line I” is a 
symplectic elation of H(3, q) and induces a permutation of 9’ with the 
properties (ik(iii). 
5. PROOF OF THE THEOREM 
This section is devoted to a proof of the theorem of Section 1. We begin 
with some consequences of (3.2) and (3.3). 
(5.1) Let Z= (9, 9) satisfy Hypothesis (*). 
(1) There is a prime power q at least 3 such that every plane of Z is a 
Desarguesian projective plane of order q with a point and all lines through 
it removed. 
(2) Jc:* is isomorphic to the space of hyperbolic lines for a non- 
degenerate symplectic geometry in PG(m, q), for some odd m 3 1. 
(3) For each line IE 9, C(I) is isomorphic to H(n, q) for some n 2 1. 
(4) The theorem is true under the additional hypothesis that one of 
the parameter m or n of (2) and (3) equals 1. 
(5) m+n>4. 
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Proof: By (3.2) either .Z* is symplectic as in (2) for some pair (m, q) 
with m odd and q a prime power at least 3 or Z* is a single line. If ,Z* is a 
single line, then by (3.3) L is H(n, q) for some n 2 3 and some prime power 
q > 3; so even in this case Z* is symplectic in PG( 1, q). This proves (2) and 
shows that all lines have q + 1 points for some prime power q at least 3. 
If C* is a line, then as mentioned above (3.3) gives (3); so for (3) we may 
assume that m >, 3. Then Z* itself contains a subspace A* which contains 
I* and is a symplectic plane. Either Z = C* (so that (3) holds with n = 1) or 
the *-preimage A of A* in C is a subspace which is larger than a symplectic 
plane but has A = A(l) for all lines 1 of A. Thus by (3.3) A is H(n’, q) for 
some n’ 2 3, hence C(1) is H(n, q) for n = n’ - 1. This proves (3). 
Every symplectic plane Ll of C is either contained in some subspace Z(1) 
or is mapped isomorphically by * to a symplectic plane of Z*. (2) and (3) 
thus show that H is Desarguesian, completing (1). If m = 1 then Z = C(I) 
for every I, and the theorem is true by (3). If n = 1 then C = X*, and the 
theorem is true by (2). This gives (4). 
If m = 1 then C is H(n, q) of dimension n > 3 by Hypothesis (*). If m # 1 
then m > 3 by (2). In either case m + n 2 4, as claimed in (5). This com- 
pletes the result. 
In view of (5.1) we may for the remainder of the proof of the theorem 
assume when convenient: 
HYPOTHESIS (**). Z= (9, 9) satisfies Hypothesis (*). Additionally, 
with m, n, and q as in (5.1) we have 3 <m, 2 <n, and 3 d q, a power of the 
prime p. 
The next result is the most crucial of the paper. 
(5.2) Assume Hypothesis (*a). For each 01 of S let E(a) be that 
subgroup of the stabilizer of a in Aut(Z) which fixes pointwise the subspace 
a’ of the copolar space C and fixes globally each line of C on a. Then E(a) 
is an elementary abelian p-group of order q which is normal in the 
stabilizer of a in Aut(Z). E(a) induces an elation group on every symplectic 
plane of C containing a and induces the symplectic elation group E(a* ) on 
the nondegenerate symplectic space Z*. 
Proof As m 2 3, Z* can be thought of as the hyperbolic line space of a 
nondegenerate symplectic geometry on a Desarguesian projective space. In 
particular, there is a subgroup E(a*) of symplectic elations contained in 
Aut(Z*) which is elementary abelian of order q and regular on each line of 
C* on a*. We lift E(a*) to E(a). 
Any element of Aut(Z) which fixes a takes a’ to itself and maps lines on 
a to lines on a. By definition E(a) is the intersection of the kernels of these 
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two actions and so is normal in the stabilizer of o! in Am(C). The subspace 
a’ is a hyperplane of .Z as (a*)l is a hyperplane of Z* (use (3.1(l))). 
Therefore any element of E(a) fixing a point not a of a line through a must 
be the identity. E(a) is therefore faithful on each symplectic plane I7 
containing a and by its definition induces a group of elations on Z7. We 
conclude that E(a) is an elementary abelian p-group of order dividing q. It 
remains to prove that each member of E(a*) lifts to a member of E(a). 
Let x E ,?(a*), x an elation of Z* with center a* and axis (a*)‘. Define 
the permutation 2 of 9 by 
.f:p+p if BEa’; 
-i-:/l-y if P#a’andy=(a,/?)nx(~*). 
If x is to lift to any member of E(a), it must lift to i; but we must check 
that i takes lines of C to lines of ,?Y. This is clearly true of any line 1 con- 
tained within aI, so we need only examine a line 1 which together with a 
generates a symplectic plane. 
Choose d* a symplectic plane of Z* containing a* and I*. By (3.3) and 
(5.1(3)) the *-preimage A of A* is a subspace H(n + 1, q), n + 12 3. Thus 
there is a subspace r of A which is isomorphic to H(3, q), contains a and 1, 
and maps to A* under *. Each Z(l) for I E A is a hyperplane of A 
isomorphic to H(n, q). As A* #I* the subspace Z(I) meets fin a symplec- 
tic plane of r whose alline lines are the intersection f n /I*, as /I* runs 
through I*. If y is any point of r, then the alIine lines Trip* and Tny* 
are parallel in r. (Indeed either p* and y* are collinear in A* so that 
/I* n r and y* n r are coplanar, or there is a 6* in A* collinear with both 
so that 6* n r is coplanar both with Tn b* and with rn y*.) A* contains 
q2 + q points; so the intersections rn y*, as y* runs through A* exhaust 
the affme lines of a parallel class of r. Let I7 be a plane of r which maps to 
A* under *. This map is in fact an isomorphism, and i acts on n as x does 
on A* (that is, (f(y))* =x(y)* for all y in n). By (4.1) i induces an 
automorphism of r. In particular a(1) is a line of r and so a line of Z. This 
completes (5.2). 
(5.3) Assume Hypothesis (**). Let G = (E(a) 1 a E 9) < Aut(L’). 
(1) G has center of order 1 and is generated by the conjugacy class 
{E(a)laeB} f 1 o e ementary abelian subgroups of order q. 
(2) For distinct a and /I in 9 with BEa’, E(a) and E(p) generate 
their direct product. 
(3) For distinct a and /I in 9 with fi#a’, E(a) and E(p) generate a 
subgroup X(2, q) acting on the hyperbolic line (a, /I> as on the projective 
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line PG( 1, y), and the set of conjugates of E(u) in this subgroup is 
tE(a)lye <a,B>l. 
Proof: Each subgroup E(a) is elementary abelian of order q by (5.2). 
Let CC, BE B with u* and /I* within the symplectic plane l7* of C*, and 
let the symplectic plane 17 of ,X map to I7* under *. E* is generated by 
(a*)” n (b*)’ together with l7*, so the subspace of C generated by 
u’ n /3’ together with I7 covers ,Y* and contains y* for any y in cl’ n /?‘. 
But then by (3.1( 1)) the subspace of C generated by CC’ n /IL together with 
I7 must in fact be all of z:. As the subgroup (E(a), E(B)) is trivial on 
a’ n/I’, (E(a), E(b)) must be faithful on Z7. As E(a) and E(/?) act as sym- 
plectic elation groups on IZ, (2) and (3) then follow from calculations 
within PSp(3, q). By (3) G is transitive on the points of each line of C and 
so on 9 itself as C is connected. As gE(a) g-’ = E( g(m)), {E(a) 1 a E Y} is a 
conjugacy class of G. This equality also implies that any g central in G 
must fix each a of 9 and so be the identity. This completes (1) and the 
result. 
(5.4) Assume Hypothesis (NJ*). Let a, /I, y E 9 span a symplectic 
plane I7 of C, and set J= (E(a), II?(/?), E(y)). Then J/Z(J) is isomorphic to 
PSP(394). 
Proof: By (5.3) J is transitive on the points of IZ and so induces 
PSp(3, q) on I7. As PSp(3, q) has center of order 1, we must prove that the 
kernel Z of the action of J on I7 is contained in the center of J, Z(J). J is 
generated by the various E(p), for p E ZI, and so these all normalize Z. On 
the other hand, for each z E Z, z%(p) z -’ = E(z(p)); so Z normalizes each 
E(p), for p E Z7. Therefore for each p E Z7 and each z E Z, the set 
is in the intersection of Z and E(p). But each nonidentity element of E(p) 
acts nontrivially on II, and so Z n E(p) = 1. We conclude that the set con- 
tains only the identity; and so for each eE E(p) and each ZE Z, ze = ez. 
That is, Z commutes with E(p), for each ~~17. Z commutes with a 
generating set for J and so is central in J, as required. 
(5.5) Assume Hypothesis (**). Let G = (E(a) ( a E 9) < Aut(JI). 
Then there is a split short exact sequence 
l+?‘-rG+G*+l 
with G* isomorphic to Sp(m + 1, q) and V a direct product of n - 1 copies 
of the natural module lF;‘l for G *. The conjugacy class 9 is uniquely 
determined in G. 
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Sketch of the Proof By (5.3) and (5.4) we can apply Theorems 2 and 3 
of [9 3. These give (5.5) except for the splitting of the sequence when q is a 
power of 2. A complete proof of (5.5) should appear in [ 111, but we sketch 
the argument here. G must have Sp(m + 1, q) or PSp(m + 1, q) as a 
homomorphic image because the various E(a) induce all possible symplec- 
tic transvection subgroups E(a*) on the nondegenerate symplectic space 
,Z* inside PG(m, q). The kernel of the homomorphism is then determined 
by the elementary abelian subgroups (E(B) 1 p E a* ) as a runs through 9. 
G emerges as the semidirect product by Sp(m + 1, q) of a direct product of 
copies of lFr + ‘. 
For our purposes, detailed understanding of the groups described in 
(5.5) is not crucial. The important thing that this result tells us is that the 
group G of (5.3) is uniquely determined up to isomorphism and that 
(E(M)/ a EL+‘} is a unique conjugacy class of G. Therefore, remembering 
(5.3(2)) and (5.3(3)), we have: 
(5.6) A partial linear space C= (9, 2) satisfying Hypothesis (*) is 
uniquely determined up to isomorphism by the three parameters m, n, and 
q of (5.1). 
For each odd m > 1, n > 1, and prime power q > 3, consider the partial 
linear space C = (9, 2) of hyperbolic lines from a symplectic geometry in 
PG(m + n - 1, q) whose radical is a subspace PG(n - 2, q). If m + n is at 
least 4, then Z satisfies Hypothesis (*) with m, n, and q having the proper 
values for (5.1). (5.6) then implies that every partial linear space satisfying 
Hypothesis (*) must be isomorphic to one of these hyperbolic line spaces. 
This proves our theorem. 
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